4.2 Four Fundamental Subspaces 173

Example4.2.3

Proof. Statement (4.2.7) is an immediate consequence of (4.2.5). To prove
(4.2.8), suppose that the basic columns in A are in positions by,ba,..., by,
and the nonbasic columns occupy positions ni,ns,...,n;, and let Q; be the
permutation matrix that permutes all of the basic columns in A to the left-hand
side so that AQ; = (Byuxr Niux:), where B contains the basic columns and
N contains the nonbasic columns. Since the nonbasic columns are linear com-
binations of the basic columns—recall (2.2.3)—we can annihilate the nonbasic
columns in NN using elementary column operations. In other words, there is a
nonsingular matrix Qs such that (B N)Qz = (B 0). Thus Q = Q;Q3 is
a nonsingular matrix such that AQ = AQ:1Q: = (B N)Q;=(B 0), and

hence A < (B 0). The conclusion (4.2.8) now follows from (4.2.6). Wi

Problem: Determine spanning sets for R (A) and R(AT)7 where

1 2 2 3
A=12 4 1 3
3 6 1 4

Solution: Reducing A to any row echelon form U provides the solution—the
basic columns in A correspond to the pivotal positions in U, and the nonzero

1 2 0 1
rows of U span the row space of A. Using Ex = (0 0 1 1) produces
0 0 0 O
1 2 ; 8
R(A) = span 21, |1 and R (AT) = span ol |1
3 1 1 1

So far, only two of the four fundamental subspaces associated with each
matrix A € R™*" have been discussed, namely, R(A) and R (AT). To see
where the other two fundamental subspaces come from, consider again a general
linear function f mapping R" into R™, and focus on N(f) = {x| f(x) = 0}
(the set of vectors that are mapped to 0). N(f) is called the nullspace of f
(some texts call it the kernel of f), and it’s easy to see that N'(f) is a subspace
of R™ because the closure properties (A1) and (M1) are satisfied. Indeed, if
x1,%X2 € N(f), then f(x1) =0 and f(x2) =0, so the linearity of f produces

f(Xl +X2) :f(X1)+f(X2) =04+0=0 — X1 + X9 GN(f) (A].)
Similarly, if a € R, and if x € N(f), then f(x)=0 and linearity implies
flax) =af(x)=a0=0 = ax € N(f). (M1)

By considering the linear functions f(x) = Ax and g(y) = ATy, the
other two fundamental subspaces defined by A € R™*™ are obtained. They are
N(f) = {xnx1 | Ax =0} CR" and N(g) = {ymx1 | ATy =0} CR™.



